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. ~ () WA~ S~
Hlustration 4: Say, 4 =-—*—=-_———=F, (kinetic energy operator), B = p,.
2m 2m dx
2 52 3053
ABWX_Exprx__h_d_[ﬁd&\J__h_dWx
2m dx? i dx 2mi  dx’

and BAy, =——

[/\/\ o~~~

Ey Py~ Py Ex]\vx =0, or [f lﬂ =0

~ E, and p, commute.

ie.

Ilustration 5: Evaluation of [;, 1/9;] and [;, 1/9;] for a particle in a two dimensional box.
[4,B] = AB- BA
Let v =) )
|50, | F0f )

[2, h 3} £, =2 1010022 p 0 £ ()
i oy i Oy i Oy

L@ L= 20 £ () =0

ie. x (=x)and p, commute.

(% n ]/ @ro=| %2 2 o
i Ox

A -1 s
i Ox i0x

W0 - {?f(x)f(y) ¥ ?xf'(x)f(y)}

h
rAS AR NACQVCY)
ie. [;,]/J;J=ih #0

Illustration 6: Evaluate [;n, ;/7;} for a particle in a one dimensional box.

~An o~ ~n o~ ~ A~n ~ o~ d
[x ,px}\Vﬁx PV, —Pe X wx;x:xandpﬁ—ihd—
x
. dvy L d
= —jhx"—+ih— ("
e 2 V)
= —ihx"%+ihx"%+ihnxn_l\|/x
d d

X X

~n o~

= ihnx""y_,ie. [x ,px}=ihnx”71

Illustration 7: Evaluate [2, /B\’] when 4 = i+ x> and B = a4 x%.
dx dx

To evaluate [2, E] let us apply the operator to an arbitrary function, y = f(x), i.e.
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[A,BIf(x) = ABf(x) - BAf(x)
i0-{io) s - -0

2
- F - L) -5 )

B[4 _2)( 4 2 (4 _ )4 2
BAf(x)—[dx X )(dx+x )f(x)—(dx X ){dxf(x)+x f(x)}
d? d , ,d 4
=ﬁf(X)+Ex flx)-x Ef(x)—x f(x)
ABf(x)-BAf(x)= 22 4 f(x)- 2 2 f(x)=2x7 4 f(x)— 2% 2xf (x) - 2x° a4 f(x)
dx dx dx dx

=202 f'(x) — dxf (x) = 27 f'(x) = — 4xf (x)
Deleting the arbitrary function f(x), we get the operator equation, [A, B]=-4x
~ ~\2 ~2 ~A A ~2
Illustration 8: Find the condition for (A +B ) =A +24B+B

(4+B) = (A+B)(1+B)=4"+4B+Bi+B

The condition is that 4 and B are to commute.

Tlustration 9: Evaluate (i) [x?’,i} ; (if) [ﬁ,i} ; (iif) [d,&}.
dx dx dx

To evaluate [?1, E], let us apply this operator to an arbitrary function, y = f{x)
[ 5 d d d d d

: 3 3 3 3 3

) |[x7,—|f(x)=| x°——-—x X)=x"—f(x)——x’ f(x

0| A =2 ) L -

=7 f'(x) = 327 f(x) - x° f(x) = =3x° f (x); i.e. [x?’,i} =342
_ dx
(ii) ﬁ,di} f(x)= ﬁ% fx)— %ﬁ F)=2f'(x)-2f"(x) = 0; 3 =2)

x

. |5 d A d

ie.| 2,— |=0(2 and— operators are to commute)
dx dx

d - d~ ~d d d
(ii) [EIX}f(x)=[Ex—xa}f(x)=£Xf(x)—xaf(x)
= F(x)+xf'(x) = xf '(x) = f(x); (cf . x = x)
d -~

ie. {—, x} =1; (the operators i and x are not to commutej
dx dx
e Linear operator: A is a linear operator, it has the following two properties:
A[f(x)+ g(x)] = Af (x) + Ag(x) and A[cf (x)] = cAf(x); ¢ = a constant
It gives: ?l[clf(x) +c,8(x)]=¢; ?lf(x) +¢, ?lg(x)

~2 ~
Examples of linear operators: x ,d/dx, dz/ dx, Ex, etc.

Differentiation and integration are the linear operators, but square root is not a linear operator.

% (ax" +bx") = % (ax") + % (bx™) and [ (ax"+bx")dx= [ ax"dx + [ bx"dx

JI()+g(x) =/ (x) + g (x)
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The adjoint of A is denoted as ET (read as A-dagger). It gives:
-~ * ~t
(wldly) =Cyl4 |v)

~ o~

o t i . c . .
For a Hermitian operator, 4 = A . Thus a Hermitian operator is self-adjoint. A is anti-

i e S ~% . . "
Hermitian, if 4 =— A . Thus the d/dx operator is anti-Hermitian.

3.4.8 Degenerate Wave Functions and their Linear Combination

If two eigenfunctions (say, y; and y,) have the same same eigenvalue, then the eigenfunctions
are said to be degenerate. If the eigenvalue is energy (E), then it corresponds to the Hamiltonian
operator (ITI ).
Hy, =Ey, and Hy, =Ey,
Under this condition, the linear combination of y, and y, is also an eigenfunction, because the
above relations lead to:

I/-}(cl\yl +cy,) = E(qy, +¢,y,); ¢ and ¢, are constants.

If there are n-eigenfunctions having the same eigenvalue (£), then the energy level is said to have
the n-fold degeneracy.

Say v, and vy, are two normalised wave functions for a given Hamiltonian operator, then they
must be orthogonal. Let us construct the normalised wave function by the linear combination of y,
and v,.

Y3 =y oy,

then, [Vivsde=[(cvi+awd) (qw +eyy) dr

= qa[vividirae [vavidirae [y, ditee [vav de

. _ * £ * * . * * _
ie. I=cici+cye, +¢ ey x0+cyc x0;0r ¢ + ¢y =1

(& Jwiwidr=1[wiv,dr=1,[yiy,de=0, [y)y, dr=0)

The process can be extended for more than two wave functions.

3.5 SOME APPLICATIONS OF THE SCHRODINGER’S WAVE EQUATION
3.5.1 Free Particle in One Dimension

Let us consider a particle (say, an electron) of mass m which is allowed to move freely in one
dimension without any restriction in a field. As there is no restriction in its movement, the potential
energy may be assumed to be zero.

To find out the energy values (£) and wave functions () of the particle, we are to consider the
Schrodinger’s time independent wave equation. Here the potential energy, V' = 0. Thus, the

Schrodinger’s wave equation in one dimension becomes,

d2\|/ 8n’m d2\|/ 8n’m

+ (E—V)\V=0;OI',_+ E\|l=0;(aS,V=0) ...(3.5.1.1
N dx* ( )

The above time independent Schrodinger wave equation may be obtained from the equation,

I/-}\u = Ey where the Hamiltonian operator (1/-} ) is given by:
~2
7= Px
Hkin =H= m



Fundamentals of Wave Mechanics 219

(T e
(G ) e
(e () slmen (3]

1
2
(W N (am) (1) nh?
e T G
[ nm / 2 8ml
Problem 19 : Find the energy of a particle in a one dimensional box of length / from the Wilson-
Sommerfeld quantisation principle.
Solution : The particle is moving back and forth within the one dimensional box of length /. Thus

in one period, it covers the 2/ length.
The Wilson-Sommerfeld quantisation principle states:

gs p.dx = nh; 4} indicates the integration taken over one period of motion; p, denotes the momen-
tum along the x-direction and it is a constant as no force is acting on the particle.

Le. pxcj.)dx =nh or, p,x2l=nh or, p,= %
2 2,2
. p nh
It gives: By, = ——=——
£ ‘ 2m  8ml?
~2 ~
Problem 20a : Find A when the operator A4 is defined as:
N d ...~ _d o > _hd .~ hd
1) A=x—, (1)) A=—+x, (1)) A=——, (v) A=——+x
® dx @ dx (i) I dx ) i dx

A2 A~
Solution : A ,AA (i.e. square of an operator is the product of the operator with itself). To

~2
evaluate A , we apply this operator to an arbitrary function, y = f{x).

(i Az\p:xi(xi]f<x>=xi[xf%x)]=x[f'<x>+xf"<x)1
dx\ dx dx
fod, o] [ A i}
_[xdx+x dxz}f(x)—{xderx o \
2 2
e A =2l L D D=L p =L
dx x dx dx?
(i) Aly= (i+ xj [i+ x) F(x) = [i+ xj[ F1(x) + 2 (2)]
dx dx dx

L+ L) )47 )
X dx
= (%) + f(x) + xf'(x) + xf (x) + 17 f (%)
:[;—22+2xdi+x2 +1jf(x) :[;—22+2xdi+x2 +1J\y
X X X X
~2 g2 d ~

2 ~
ie. A =——+2x—+x2+1=D +2xD+x>+1
dx? dx
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2 ~~  hd(hd) _h d? d? .2 d’
(i) 4 W_AAW_7E(7de i2 dz\v——hzdz\u, ie. A =—h2y
) Ay=(2 LB L i) ~(2 L i) 2L faysapi)
h2 d?
r dzf() ——Xf(X)+x——f(X)+x f(x)
h2 d?
2f( x)+— f(x)+ x—f(X)+x——f(X)+x f(x)
—{—h2;—22+z+2ﬁx d +xz}j"(x),(z2 =-1)
= i
i.e.?12= ;—2+h+2 xd£+x
X 1 l X

Problem 20b : The wave function, y = 4 exp {— % (Et — px) ¢ is valid for a particle moving with

velocity u (<< ¢), in presence of a field of force for which the potential energy of the particle is
V (x, £). Show the operator for the total energy is:

dt 2m dx2
Solution :y = A exp {—% (Et - px)}
. dy _ iE iE
ie. =A|—— |expy——(Et—px)p=—| —
d ( h) p{ ( p)} (hj"’
. hd
ie. o v =FEvy, (cf Schrodinger Eqn. H\u Evy)
". The operator for total energy is — Ei, ie. ih 4
idt dt
2
Under the condition, u << ¢, E = Ey;, + Ey = 2’; +V
m
~2

". The operator for total energy is = ;; +V
m

For the particle moving along the x-direction,

hd
px (operator for momentum) = — —
i dx
o~ B 22 A 2 ogr ~
ih—=—np +V = stV ="F"T7—7%5+V
dt 2m 2mi” dx 2m dx

Problem 20c : Justify the momentum operator for the function exp (ipx/#), p = momentum
Solution : ;); exp (ipx/h) = Edi [exp (ipx/h)] = ﬁ % exp (ipx/h)
i dx i

= pexp (ipx/h)
. p, is the operator for momentum.
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& v @ = —in a—ax] v +in %] ()

= ih[—x v (x) +x o (x)
ox Ox

= ihy(x)#0

+y (x)}

[ Elwen) = (Ey(an-Eiyx, r)=zih§w(x,r)—ih§rw<x, 0

0 0 = 0
iht —wy (x,t)—iht — vy (x,t)—ihy(x,t); E =ih—
5 ¥ (%D 5V HO =i (x.0) E

= —ihy (x,1)#0.

For [;, 1/9;] =0 and [¢, /b:] #0 and the corresponding conjugate observables cannot be
simultaneously measured without any uncertainty. These are in conformity with the demand of the
uncertainty principle. But, x and p, (y-component of the momentum) can be measured precisely at
the same time as [x, p,]=0.

Problem 20i : Show that E, (kinetic energy along the x-direction) and p, (momentum along the
x-direction) for a moving particle can be determined simultaneously and precisely.

Solution : The required condition is: [1/5;, }/7;] =0, ie. E; and ;/9; commute.

g it

i 2m dx? Px i dx
Fopy - & (ndv))_  ® dv,
row 2m d® \i dx 2mi dy’
~oo _hd[ ndy ) # dy,
P B W ide\l 2m dx 2mi dx’

[Exapx]\vx = Expx\Vx_prxWxZO’ le [Ex’ px]:o
. E, and p, can be determined simultaneously.

Problem 20j : Find the eigenfunction of the linear momentum operator. Indicate the implication
of the result.

Solution: The condition is: ;J\xq/x =DV,

ie. —ih di v, = p,y, where p. = eigenvalue and y, = eigenfunction.
X

. d j
It gives: W P gy
v, .
On integration, we get: In y, = % +1n 4, A = constant, In 4 = integration constant

i.e. y, = Aexp (ip,x/h);
v, must be finite in the domain — oo to + co. This is possible, if p, is real. Thus all the real values of
P, are the eigenvalues of the linear momentum. It implies that the linear momentum is not quantised.

2

~2
Problem 20k : Evaluate the commutator {;—2, x} and then [p, ,x].
X
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. o* o o*
Solution : {?’ x} f(x) =§ xf(x)— X@ S(x)

_ 20 AT e iy = O oy O
= S0+ 0] =W S = [ and ()= )
0 + L)+ 2@ 2R
zzf’<x):2§f(x)

X

o d
It gives: | —,x |[=2—
& Lﬁxz x} Ox

Multiplying both sides of the above expression by (— ih)z, we get:

2
|:( lh) — x}——Zzh(—ih%)

~2 o~ [~
or [P, ,x]=—2ihpx;(px=ih£j
ox

Problem 201 : Find the value of [x, p, .
Solution : We have the relation,

[4,BC]= ABC-BCA=ABC-BAC+BAC-BCA
=[AB-BA|C+B[AC-CA]=[4,B]C+B[4,C]

By using the above relation, we can write:

~ —~n ~ o~ —~n-1 ~N o~ ~n=1 o~ ~ —~n-1

[x’px ]:[xipxpx ]:[x3px]px +px[x3px ]

— o~ N~ ~p =2

=g+ o pepe 1 [%. pul=ih (see Solved Problem 20h)

—~n-—1
=ihp, +p {[xpx]px +p,[x, p, ]}

o~ ~n-2 ~ A ~n-2

o—~n-1 ~( _—~n-2 -~ ~ ~~n-3
=ihp, +pfihp,  +px,ppe ]

—~n-1 —~n-1 ~2 A~ o~ ~n-3

=ihp, +ihp, +p, [x,p.p, ]

= nih;/;

~2 —
Forn=2,ie. [x,p, 1=2ih p,. (cf. Solved Problem 20k)

‘ Problems on Hermitian operators: See text.

Problem 21 : Show that the eigen functions of a particle in a one dimensional box are not the eigen
functions to the momentum operator but to the kinetic energy operator.
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