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(iv) F(t)=e™ (Meerut—1991, 2004; Andhra—1990; Purvanchal-1989, 96)

SoLution. We have LFO} = [g e Ptoat g — P (POt ¢ .

IfP <@ integral diverges. For P > a, the integral converges. Hence, forp > a,
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(v) F(t) =sin at (Raj.—1983; Kanpur—1984, 95, 2002, 03, 04; Meerut-1991, 2005, 08;
Purvanchal—1989; MS Univ.(T.N.)-2007)
_pt‘ . °
. o —pt . e ¥ (—psinat — acosat
SoLuTioN. We have L{sinat} =[5 e P sinat dt = Cp T3 )
p°+a 0
] e sinbxdx = ¢ [asinbx — bcosbx|
a® +b?
- p>a
pz + a2
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Hence, L{sinat}=———-
p°+a
(vi) F(t) = cos at (Meerut—1991; Rohilkhand—2007; Kanpur—1995; MS Univ.(T.N.)-2007)
SoLuTioN. We know that
ax .
e (acosbx + bsinbx
| ™ cosbx dx = ( TR )
Therefore, we have a”+b -
—_ t .
L{cosat} = jg’ e Pt cosat dt = |:e P (-pcosat + asinat)
2, 2
, a“+p o
=5 2 P>0
pe+a
(vii) F(t) = sinh at (Meerut—1980, 83, 1991; 2009; Rohilkhand—1988; Andhra—1990;

MS Univ.(T.N.)-2007)

S . . e —e | 1 g 1o a o
OLUTION. Consider L{sinh at} = L — :EL{e }_EL{e } [Using (iv)]

11 1 1 _ a
"2 p-a 2 p+ta p?—a?
Hence, L {sinh at} = % .
p°—a
(viii) F(t) = cosh at (Meerut-1978, 80, 83; Rohilkhand—1988; Andhra—1990; Purvanchal-2001;
Osmania—2004; Sagar—-2004; MS Univ.(T.N.)-2007)
SoruTion. Consider

L{coshat}=1L [% (e + e_at)} = %L{eat} + %L{e‘at}
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= sin® 2t = %[3 sin 2t — sin 6t]

L{sin® 2t} = %L{B sin2t —sin6t} = %L{sin 2} — %L{sin 6t}

_E 2 _l 6 >0
4| p2+22| 4| p*+6? P

=3[ ! ]—El ! }=48/[(p2+4)(p2+36)]

ExampLE 1.
SoLuTIoN.

SoruTioN.

SoLutIon.

SoruTion.

SoruTion.

2\ p%+4) 2[p*+36
YAdditional Solved Examples
Find L{sin t cos t}. (Meerut—2012)
We have
L{sintcost} = L{%sin Zt} = %L{sin 2t} (. sin 2t = 2sint cost)
1 2 .
——— ,p>0 . L{sinat} =
2 pz +92 |: p2 +a2
= 21 ,p>0.
p-+4
Find L{4 coszt}.
We have L{4 coszt} = 4L[coszt] = 2L{1+ cos 2t} (" cos 2t = 2cos’t -1)

221+% ,p>0

P p°+2
2(2p% +4) 4p%+8
= >0 =———

3 ; =——5—-p>0
p(p”+4) p(p”+4)

Find L{sinzat}.
(Meerut—1991, 94; Purvanchal-2002, 05; Kanpur—1980; Nagarjuna—2006)
We have

L(sin2 at) = L{%(l —cos 2at)} = %[L{l} — L{cos2at}]

242
—l l_% ,p>0 :%,p>0
2[p p*+(2a) p(p” +4a”)
Find L{3 cosh 5t — 4 sinh 5t}

We have
L{3cosh 5t — 4 sinh 5t} = 3L{cosh 5t} — 4L{sinh 5t}

=3 zp 2|4 25 2 =3§_20,p>5
p° -5 p° -5 p°—-25

Find L{3t4 — 263 + 4¢73 — 2gin5t + 3cos 2t}
We have
L{3t% — 263 + 4¢3 — 25in5¢t + 3cos 2t}
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ExampLE 9.

SoLution.

ExampLE 10.
SoLution.

ExampLE 11.
SoLutIoN.

ExampLE 12.

SoLurion.

We have [{F(t)} = L{cost} = zp = f(p) Gay)
p°+1

Using second translation or shifting theorem, we have
2n

L{G(t)} = e( 3 ).p.f(p) _ e—2np/3 L
p2 +1

t—a
Find L{G(t)} , where G(t) = { eo ’ ttza ) (UPTU-2008)
R a

By second shifting theorem, we have

If  L{F(O} = f(p)and G(t) = { Fo(f —a), ttzz _Then, L{G(O}=e % f(p)
Let F(t)=¢ ’

Then, I{F(0)}=L{e'}=];e P e'dt= Ll p>1=f(p) (say)

t_
Now, let G(t)={ Flt-a)=e"", t>a
0, t<a

—ap
¢ , p>1.
p-1

Evaluate L{e_tcoszt} (Bangalore—1985)
Here, we have

L{eft cos? t} = L{%et(l + cosZt)} = %L{e_t} —%L{e‘t cos Zt}

Then, L{G()}=e¢ f(p)=

1[ 1. (+D) ]_ll(p2+2p+5)+(p+1)2:|

2|p+1 (p+1?+2%| 2| (p+D(pP*+2p+5)
B p2+2p+3
(p+1)(p2+2p+5)
Evaluate [{>¢3} (Kanpur—2004)
Here, we have
L{t>} =1"(nn—j:11) ifn = 5.
p
!
= L{t’} = Lg) = 5—6;
p p
120
= L{t°e3} = —= as L{e™F(t)} = f(p—a)
(p-3)
Prove that L{eZt (cos4t + 3sin4t)} = 2p+—10
p°—4p+20

Here, we have
L{e* (cos4t + 3sin4t)}



The series (1) with coefficients ag, a,, and b,, given by (2), (3) and (4) respectively is called
the Fourier series of f(x) and the coefficients ap, a,, and b,, are called the Fourier coefficients
corresponding to f(x).
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(i) When ¢ = 0, the interval becomes 0 < x < 2rn and formula for ay, a,, b, is obtained by
putting ¢ = 0.

(i) When ¢ = -r, then interval becomes —n < x < = . In this interval, the formula for a,
a, and b, becomes as under :

(a) When f(x) is an odd function, then

ao:%}tf(x)dx:O- an:%jf(x)cosnxdx:O

-7

[By property of definite integral]
17 . 27
by == [ fGOsinnx dx = 2| f(x)sin xdx
T . Ty
Hence, if function f(x) is odd, its Fourier expansion contains only sine series,

oo T
ie., f(x)= Y b, sinnx,whereb, = %ff(x)sinnxdx.
n
0

n=1

(b) When f(x) is even function, then formula for ay, a, and b,, are given by

T T
ag =% | fGodx = %jf(x)dx )
- 0

a, = 1 Tf f(x) cosnxdx =E}f(x)cosnxdx
b Ty

-T

1™ .
and b, = | fG)sinnxdx =0

-

[ . f0) sin nx is odd.]

Hence, if a periodic function f(x) is even, its Fourier expansion contains only cosine

oo T
terms, i.e., f(x)= %o, Y [ f(x)dx, where
2 n=10

T zTE
ao =%jf(>€)dx and @, =;£f(x)-COSNXdX
0

IEEA SOME IMPORTANT RESULTS

The following results are useful in the Fourier series :

(i) sinnm=0,cosnw = (-D", cos (n +%)n =0, wheren e Z.

2
(11) Juv =uvq —u"Uz +u"v3 —u"'v4 +..., where u’ = d_u,u” = d_u""
dx dx?

vy = [vdx,vy =[vydx, ...





