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Example 6.
Solution.

Example 7.

Solution.

Hence, the general solution of the complete
equation is
Ye=C3 +C2" +1
When yg = 1andy; = -1, we get
Yo=C+C+1=1
y1=3C; +2C, +1=-1
WegetC; =-2and C, = 2
Hence, the solution is
Ye==23+2F1 41,
Alternative Method: To find particular
solution of the complete equation, we will use
hit and trial method. Let y; = A be the solution
of the given equation, we get

A-SA+6A=2
A=1
ye=A=1

Solve Ay, + Azyx = sin x.

The given equation in symbolic form is
{(E-1 + (E-13y, = sinx
(E2 —E)y, =sinx

(E-1)yy4+1 =sinx

The auxiliary equation is
m-1=0,m=1

Then, general solutionisy, = C;1* = C;

Particular solution of sin x = sin x

elX

1
E-1
1
E-1
oiX

= imaginary part of ———

t

e-1
eX(e™t-1)

(€ -1 -1)
eix-1) _ pix

= imaginary part of

= imaginary part of (e)*

= imaginary part of

= imaginary part of : :
A PATOY) (e +ey+1
sin(x —1) —sinx

2(1-cos1)

Hence, the general solution is
-C + sin(x -1)-sinx

Yx1 =5 2(1 - cos1)
sin(x —2) —sin(x -1)

=Cy +
= Ix=h 21sin1)

Solvey, .o +y, = sinx%. ..()

The auxiliary equation of the given equation is
m>+1=0
= m =1

Difference Equations

.. N
= m=cos—tisin—
2 2
The general solution of the reduced equation is
Y« =Q cos( XZE + Cz)

For particular solution, we will use hit and trial
method. Let
X7

* X7
= Asin— + Bsin—
Yx D) D)
Substituting this value in equation (1), we get

Asin(x + 2)% + Bsin(x + 2)%

+ Asin _ + Bsin =sin

—AsinB— BsinE+ AsinE
2 2 2

. X . X
+ Bsin = sin

O=sin™
Ve = Asinx—;+ Bcos%fﬁﬂs-
Now, consider
y; = Axsin=" + Bx cos X~ substituting this
2 2
in equation (1), we get

A(x+2)sin(x+2)§+ B(x + 2)cos(x + 2)%
— Axsin xn + Bx cos T sin xn
2 2 2
XT

- A(x + 2)sin X21t — B(x + 2)cos x; + Ax sin 9

. X _ . XW
+ Bxsin— = sin—
2 2
sin xn (-2A) + cos xn (-2B) = sin xn
2 2 2
On comparing the coefficient of

XT . XT
cos7 and sm7 , we get

-2A=1,-2B=0
1
A == =
5 B=0
Hence, the general solution of the complete
equation is
XT 1 . xm
= +Cy |—=xsin"_ .
Yy 4cos( o 2) 2x ) N
Example 8. Solvey, , o= 7YV + 1-8Yx = o - 02"
Solution. The auxiliary equation is

m?-7m-8=0
= m=8,-1
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Example 3.

Solution.

Example 4.

Solution.

Y2 =Y1 + hf(x1,y;) = 1.10000 + 0.1[(1.10000)2

- (0.1)3) = 1.22000
Y3 =Y2 + hf(xy, y3) = 1.22000 + 0.1[(1.22)*
- (0.2)2] = 1.22000 - 0.14484 = 1.36484
Y4 =Yy3 + hf(x3,y3) = 1.36484 + 0.1[(1.36484)>
- (0.3)%]) = 1.54212
¥s =Ya+ hflxg,ya) = 1.54212 + 0.1[(1.54212)2
- (0.4)?] = 1.76393
Hence, the value of y at x = 0.5 is 1.76393.
d
Find the solution of differential equationay =Xy
with y(1) = 5 in the interval [1, 1.5] using
h=0.1.
As per given, we havex; = 1,y =5, f(x,y) = xy
Using Euler’s method
Yn+1=Yn + 0y
By considering n = 0, 1, 2, ... in succession, we
get
Forn=0
Y1 =Yo + hf(xg,¥0) =5+ 0.1[1x 5] = 5.5
Forn=1
Y2 =y1 + hf(xy, 1) = 5.5 + 0.1[1.1 x 5.5]
= 6.105
Forn =2
¥3 =y2 + hf(xa, ¥2)
= 6.105 + 0.1[1.2 x 6.105]= 6.838
Forn=3
Y4 =Y3 + hf(xs, y3)
= 6.838 + 0.1[1.3 x6.838]= 7.727
Forn =4
¥s =Y4 + hf(xs, ¥4
= 7.727 + 0.1(1.4 x 7.727] = 8.809
Hence, the value of is 8.809.

Find the solution of % =x2+ yz, y(0)=0 in
the range 0 < x < 0.5, using Euler’s method.

We havexyg =0,y =0,h =0.1and 0<x<0.5
x1 =0.1,x, =0.2,x3 = 0.3,x4 = 04,
x5 = 0.5
Also  flx,y) = @+ y2
= flxo,¥0) =f(0,0) =0
Y1=Yo + hf(x0,0) =0+ 0.1 x0
=0
Now f(x;, y;) = f(0.1,0) = (0.1)* + 0% = 0.01
Y2 =Yy1 + hf(xy,y1) = 0+ 0.1(0.01)
= 0.001

Example 5.

Solution.

382

flx0,y5) = £(0.2,0.001) = (0.2)% +(0.001)2
= 0.040001

Y3 =Yy2 + hf(xa, y2)
= 0.001 + 0.1(0.040001)
= 0.005
Now f(x3, y3) = f(0.3, 0.005)
= (0.3)? + (0.005)°
= 0.090025
= Y4 =Y3 + hf(x3, y3)
= 0.005 + 0.1(0.090025) = 0.014
Now f(x4, y4) = f(0.4,0.014) = (0.4)% + (0.014)*
= 0.160196
Ys =Ya + (x4, 54
= 0.014 + 0.1(0.160196)
= 0.03
Further
flxs, ys) = £(0.5, 0.03)
= (0.5)% + (0.03)% = 0.2509
= Y6 =Ys + hf(xs, ¥s)
= 0.03 + 0.1(0.2509) = 0.055
Here y(0.1) = 0.001, y(0.2) = 0.005,
¥(0.03) = 0.055, y(0.4) = 0.03,
¥(0.5) = 0.055.
Apply Euler’s method to initial value problem

%=x+y,y(0)=0, when x = 0 to x = 1.0

taking h = 0.2. (Mumbai-2005, Rohtak-2003)
Wehave h=0.2,x5=0,x; =0.2,x3 =04,
x3 = 0.6, x4 = 0.8, x5 = 1.0.
Also, fO,y)=x+y
By Euler’s method,
Yn+1=Ynt hf(xn:yn)
and,f(xg, y0) =f(0,0) =0+0=0
Y1=Yo + hf(q,9) =0 +0.2(0) = 0
Now, f(x;,y1)=£(0.2,0) =02+ 0=0.2
Y2 =y1 + hf(xy, 1) = 0 + 0.2(0.2)
= 0.04
Now, f(x,, y5)= f(0.4, 0.04) = 0.4 + 0.04
= 0.44
Y3 =Y2 + hf(xy, y2) = 0.04 + 0.2(0.44) = 0.128
Now,
f(x3,y3) = f(0.6,0.128) = 0.6 + 0.128= 0.728
Y4 =Y3 + hf(xs, y3)=0.128+0.2(0.728)
=0.2736
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Similarly
Putting these values in (7), we get
K21 1
YOcHh) =y +hf + - + gh3(1=2+ fR)+ ) WA E + £, Fy +3(fy + fy )F + f2R 1+ . ...(10)
Using the above notation and the Taylor’s theorems, we get,
ki = h_f {where f = f(x, y)]

ky = h| f +mhF, +%m2h2F2 +%m3h3F3 +]

ks = h| f + mhE +—;—h2(n2F2 +2mn+fyF1)+%h3{n3F3 +3m2nf, Fy +6mn®(f, + ffy, )Fy } = ]

| 1

and k, = h| f + phF, + Ehz(sz2 + 2npfyFl)+%h3{p3F3 +3n°pf, F, +6np>(fy, + ffy, )R, + 6nmpfy2F1}+...]
L

Substituting these values in (8), we get

Y(x+h) =y +(@+b+c+dhf +(bm+cn +dp)h®F, +—;—(bm2 +cn? +dp?).

h2f, Ry +%(cm2n +dnp) f, Fy + (cmn® + dnp? ) (fyy + ff, )y + dmnph® £2F; +O(h®) (1)
Equating this with (10), we get
1
a+b+c+d=1, cmn+dnp=g
1 2 2 1
bm+cn+dp==, cmn® +dnp“ = =
2 8
1 1
bm? +cn? +dp? = =, 2+ dn?p = —
dp 3 cm“n+dn“p 3
1 1
bm3 +cn3 +dp3 = =, dmnp = —.
L P=%

These are eight equations in seven unknowns; A classical solution to these eight equations is

m:n:l’p=1’a=d=l’b=c=l
2 6 3
Putting these values in (7) and (8), the Runge-Kutta formulae reduces to
kl = hf(X,_y)
k, =hf(x+£,y+lk1)
i f ..(12)
ky = — =~k
s=hf(x+ 5y 3k
and y(x+h)=y(x)+é(k1 +2ky + 2k3 + ky)
From this formula, we have
y1=Yo+h)=yg +—6—[k1 +2(ky +k3) + k4]
kl = hf(XO).yO)
h k
k =hf[x +—,Y0 + —1)
where 2 0727707 2 ..(13)
h k
ks = hf(xo +55Y0 +32)

k4 = hf(xO + h,yo + k3

Remark
° 0(h2) means ‘terms containing second and higher power of h and is read as order of K2’





