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d . . .
Alternatively: r=(rcosw!)i+(rsinwt)j. ..(J) Therefore, v(t)= d:=(—r0)sm(ot)l+(r(ocos(nt)J,
a'2r 2 R 2. . 2 . . . 2 .
and acc,a(t) = o =(—ro-cosmt)i— (ro sinwr)j=—w*[(rcoswf)i+ (rsinwt) j]= - wr, {from (7)].
3

EXAMPLE 1.16 Find by vector methods, the tangential and normal components of acceleration of a particle
moving in a plane curve.

Solution Let T and N respectively denote unit vectors along tangent and normal at any point on the curve
at any time .

If v denotes velocity at P along the tangent then v = vT where v = [v].

. dv_dva dT _dvs  dT dy ds
Acceleration along tangent = — T+v—=—T+v——7F—
dr  dt e ar dy ds at
Y
(D) R )
N T
dv = l where p is radius of circle and ds =
ds p at
Now T =cos i +sinyj, and N =—sinyi+ cosyj. P~
T . . . -~ \\ o
— =-sinyi+cosyj=N. 0%+
ay b
o
d ~ V2 X
Hence from (1) we have & ﬂT 'R Fig. 1.7
dt dt p
, , . av v?
Thus tangential and normal components of acceleration respectively are T and 0
EXAMPLE 1.17 Find the radial and transverse components of velocity and acceleration of a particle describing
a plane curve. (Kurukshetra, 2006, Rajasthan, 2006)

Solution Let P(#;, 8) be the position of a moving particle at any time ¢ along a curve r = f(8). Let Rand S
respectively denote unit vectors in the radia! and transverse directions, that is, along and perpendicular to OP.

Then R =cosBi +5sinfj,

Ya
A T o)., . (@ ) o .
and S =cos 5+6J|+sm 5+6 j=—sinBi+cos0j.
dR do _~de
Thereft —= 0i+cosfj)— =S—
erefore, 7 (—sinBi i) ” 2 0)
and % =(—cosBi — sinBj)% = i,le ..(i0) o «
Now R, the position vector of P i% given by R = rR [where r =|R|]. Fig. 1.8
drR = R R g
Therefore, _dr —R+r dR _dr de ..[By (9]

dr dr dr a’t dl
Hence radial component of velocity is dr/dt and transverse component is r(d0/dt).

dR _drs  dBe
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a a 2 ) 3
Therefore, V- -V¢= a—|+a—j+a—k (6x2y* =Y+ 4xd 2t j+ 8232 k)
X z
=12x%z% + 4zt 42472 =

F(x, y.z)say.
VF(x,y,z) =V (120°2" + 4x’z* + 24x%)

2.2

=i (l2xy224 +4x34 + 24x3 2,2
ox

)+.I—(|2xy 24 434 42423222

k= (12xy2z4 +4x3z% £24x3)2:2)
—(12y2" +12x° 4 + 72x yzzz)i+(24xyz4 +48x3yzz)j+(48xy e +l6x3z3+48x3y22)k
and VF(l,-2,1)=(48+12+288)i+ (~48-96)j+(192+16 +192)k = 348 i — 144 j + 400 k
Therefore, DyF (1,-2, l)=VF-6=(348i_|44J+400k) (i-4j+2k)
V21
_(348) (1) + (—144) (—4) + (400) (2)

2) 1724
V21 SV
EXAMPLE 1.35 Find the directional derivative of f(x, y, z) = x?y.
z = u —cos u at the point P where u = 0.
Solution The point P corresponding to # =0 is (1, 1, ~1).
Vf(x,y, 2) = 2xp3i + x223) + 3xy=2k

, and V/(l,1,-1)==2i-j+ 3k
The position vector r of any point on the given curve is given by

along the curvex =e™, y=2sinu+ 1,

r=e"i+ 2sinu+ 1)j+ (u-cosuk
A tangent vector to the curve is

r'(u) = dr _ —{e'"i+(2sinu+ l)j+(u—cosu)k}
du du
=—e™i+2cosuj+(l+sinu)k

Therefore, (dr/du), - g, thatis, r’'(0)=—i+2j+k
. . -~ —i+2j+k
The unit tangent vector is given by b= 'rel

-i+2j+k
\/l +4+1 N
fore,  Dyf(1, 1,~1) = Vf+ b= (2i-j+3k)- ( '*2“"] @-2+3)= L =¥
Therefore, b/ (1, 1,-1) =Vfe b= J % 7% R
1.13 PROPERTIES OF GRADIENT
If fand g are differentiable scalar functions of position (x, y, z), then
() V(kf) =k V f(any number k), () V(f+g)=Vf+ Vg,
(iii) V(c,f+cy8) =c, Vf+c, Vg c|, c, arbitrary constants, ) V(i) =fVg+gVy
") V(fj=gi—szg, 220,
g g
The proof of properties (ii), (iv) and (v) is given below.
) ) d . .0 d
" . = i Z i = + —(ft + k—(f%
) V(=g ('a +Jay+k )f g =i (f g)+Jay(f gtk (f*g)

o o ). (0% ag ka)V+V
(ax a“‘a)(ax Top TR |7 EVE
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=u(Vev)—-(ueV)v+(veV)u-v(Veu).
Rearranging the terms on R.H.S., we obtain
Vx(uxv)=u(Vev)—-v(Veu)+(veV)u-(u-V)v
or Curl(uxv)=u(divv)-v(divu)+(veV)u-(u.V)v.

EXAMPLE 1.45 Prove the following identities:

() curl (gradf)=00rV x (Vf)=0, (PTU 2000)
(i) div(curlv)=0o0r V+(V xv)=0, (MDU 2003)
(i) curl (curl v) ie., V x (V x v) = V(V s v) — V2y,

or grad (div v) = V x (V x v) + V2v where v, a differentiable vector field.
(PTU 2006, AMIETE Dec 2004; UPTU 2003; MDU 2002)
Solution (i) From the definition, we have

(-2 R E- )5

2 2 2 2 2 2

(2% _ s i+(3f_8f]j+ 7 _3f ), e
doydz 0dzdy 0z0x 0xdz oxdy dydx

(i) We have v, a differentiable vector field = v,i + v, j + v;k.

ik
From the definition div (curl v)=V«(Vxv)=V.9/dx d/dy 9/dz
Y V2 V3

dv;  ov, )., (avl o ) . (v, Ow
=V. - - ~M
[( oz J'* a2 Tl Ty
) (av3 _ow), 9 [av] _av3)+ o (dv; o
ox\dy 0z ) dy\oz ox/) 9dz|ox oy

_ aZv3 821’2 azv, 32v3 az\’z _ azvl

Oxdy Oxdz Jydz Oydx dzdx dzdy

.. : .9 (dv; Qv
(iii) curl(curlv):Vx(va):(z!g)x[Z{J_ _8;2”

oy

=Zi _a_(av2 _avl)_i(al_avli) =2i a2v2 +82V3 _ 82v| +82V|
dylox dy) odz\oz ox dydx dzx | ? 9z
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EXAMPLE 1.56 - Evaluate I (x + y* + yz) ds, Where C is the curve defined by y = 2x, z = 2 from (1, 2, 2)
C

to (3, 6, 2).
Solution Letx =t Then y = 2t, z= 2. Therefore, the curve C is represented by x =¢, y =2t,z=2,1 <t <3.
3 2 373
We have ds =.5. Therefore, I (x+ y2 + yz) ds dt= \/3 J-(l +41° + 4f) dt = \/g [5‘— + “ :|
ar c dr ] 2 3 ]

45 5 4 164
=45 ( 36-=- —) = 5.
B, 36-3-3)= 5 ¢
Line Integral of Vector Fields

Let C be a smooth curve. Let F (x, y, 2) = Fi(x, y, 2)i + Fy(x, y, 2)j + F5(x, y, 2)k be a vector field, that is,
continuous on C. We define dr =i dx + j dy + k dz.

Then, the line integral of F over C is defined by
JCF°dr=JCﬁak+5dy+Fsd2- -(1.27)

Let the parametric representation of simple curve C be
x=x(1), y=y®, z=20), fstst,.

]
d
Then jCF-dr=th[x(r), Y@, =@)- T d28)
0

If the path of integration C in eq. (1.28) is a closed curve. (Ref. Fig. 1.14), Fig. 1.14
then instead of J we write @ .
Cc C

Ifthe curve C is piecewise smooth Fig. (1.15) containing the arcs C,, C,, ... C,, joined end to end, we define
a line integral along a piecewise smooth curve C to be the sum of the integrals along the sections.

F-dr=jcr-dr+jc Fedr+...+| Fedr. (129

Fig. 1.15 Fig. 1.16

Remark 10
Reversal of the path of integration changes the sign of the line integral. (Fig. 1.16)

EXAMPLE 1.57 IfF = x2i + xyj, evaluate J F « dr along the curve C in the xy plane consisting of:
c

(i) the straight line joining (0, 0) to (1, 1),
(ii) the parabola y? = x joining the same points,
(iii) the straight lines from (0, 0) to (1, 0), then to (1, 1).

Solution Since r=xi+yj, dr=dxi+dyj.





