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Solution: We know that the Jacobi series are
Jo (x)+2],(x)cos 26 + 2], (x)cos 48 +...= cos(x sin 6) ...(1)

and 2], (x)sin® +2],(x)sin 36 +...=sin (x sin 6). (2

Squaring (1) and (2) and integrating w.r.t. 'g' between the limits
0 to 7 and using the integrals, if m, n are integers

I” cos® nf df = J”r sin2ndg="=
0 0 2
and j: cos mé cos nd d@ = on sin m@ sin n@ d6 =0, m # n.
We get [ J,(x) T +22[ L(x) T +2a[ J,(x) T +
= IOK cos’ (xsin 6)d6 ..(3)

and 27[],(x) ]2 +27[ J,(x) ]2 +o= J‘: sin ?(xsin 6)d6. . (4)
Adding (3) and (4), we have

@ T +2[ L& T +2[h )T +.}= [ do=7.

Hence, we have the required result.
1

Ja +b? '

1 ¢n
Solution: We know that J, (¥)= = Io cos(x sin ¢)d¢

Example 12: If 4> 0, prove that Io e Jo (bx)dx =

1 ¢n .

= Jo(bx)= ~ fo cos(bx sin ¢)dg.

Therefore I: e™ Jo\bx)dx = J: e {% IO" cos(bx sin ¢)d¢} dx
{ :e cos(bx sin ¢)d¢} dx

== jo { :e cos(bx sin ¢)dx} d¢
[on changing order of integration]
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< [an(#)ee ()]
=c, J,(x*)+¢, ] . ()

When n is an integer, the solution of (1) is
y=x" ¢, J,(Bx")+c2 7 (B¥) ]
= xo[ Cl ]n (x2)+C2 },n(xz)] =C1 In (x2)+C2 Yn (xz)'

Example 26: Solve the differential equation 4y "+9xy =0 in terms of
Bessel’s functions.

Solution: The given equation can be written as
x? y"+%x3 y=0 (1)
Comparing with the general form (6) of section 4.6.7, we get

9
1-2¢=0, f7'=7,
On solving these equations, we get

2y=3 and o’ -n*y*=0.

1 3 ,9 9
= — =—, —_—_=— =1
* 2’Y 2 P 4 4 P

and (i)—nz(%)=0 =>n2=%=>n=é—,

Since 7 is not an integer, the solution of equation (1) is

o o0 (3]

= y=x]/2[cn]1/3(x3/2)+cz]_1/3(3‘3/2)]-

Example 27: Solve the differential equation y" + y; + (% - ;lyjy =0 in

terms of Bessel’s functions.
Solution: The given equation is
Xy "+xy' +(8x-1)y=0 (1)
Comparing (1) with the general form
xry"+(1 —2a)xy'+[ B y? X7 + (o —n? yz)]y= 0 .2
where «, B,y and n are constants, we get
1-200=1, B2y*=8,2y=1and &® —-n*y*=-1
Solving these, we get

1
a=0,7=

2
E,%=8=>ﬁ2=32=>ﬁ=4\/§,
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Now for y=1, we have p=2xy¢', (x* y) +y° 9, (x y*)=2x..(9)

And q=x*¢' (¥ y)+2xy¢, (xy*)=-2y

4
Solving (9) and (10), we get ¢', (xz .‘/) =5t

3y
_2x 4
3y* 3x

And ¢4 (xy?)=

Putting y=1 in (11), we have

[ 4 2 ' 8
o', (x2)=5+ 3 or2x¢', (x2)=§x+
Integrating, we get

o, (Jc2)=§x2 +§log x*.
Substituting x* y for x* (- y=1), we have

o, (x2 y)=§x2 y+§log(x2 y)

Also putting y =1in (12), we have ¢, (x)=-=x

Integrating, we obtain
1 4
¢, (JC)=-§JC2 —Elogx.
Substituting xy*for x (- y =1), we have

1 4
b (xy*)=-3(xy?)* -3 log (x ")
Using (13) and (14) in (7), we have

4 2 1 4
z=§x2y+§log(x2 y)—gxz y“-—glog(xyz)+c

2

22x

4

C3x

- z=3x y—lxzy‘+§10g{(x2y)/(xy’)2}+c

3 3

= z=§x2y—%x2 y*-2logy+c

..(10)

(1)

(12)

..(13)

..(14)

..(15)

when y=1, the values of z from (8) and (15) should be the same.

Hence

3
Hence the required surface is given by

z=§-x2y—%x2y‘—210gy—1.

éch—%362—210g1+c=x2—1 = c=-1.
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Again from the last two members, we have

d_ ds o by
IV I A vy

Hence z= f (A)log [y+,/A+y2]+A'
= z=f(x’-y*)log(y+x)+F(x2-y?).

Example 10: Solve g (1+4q)r—(p+q+2pq)s+p(1+p)t=0.

Solution: Putting r = @ andt= dq;—sdx in the given equation,
X Yy
we have
dg —sdx
p+q+2qp)s+p(1+p) qdy =0

dp-sd
q(1+q)——pdx L _(
= {q(1+q)dpdy+p(1+p)dqdx}

~s{q(1+q)dy’ +(p+q+2pg)dxdy+p(1+p)dx’}=0.

Hence Monge's subsidiary equations are

q(1+q)dpdy+p(1+p)dgdx=0 (1)
and q(1+4q)dy* +(p+q+2qp)dxdy+p(1+p)dx=0 «(2)
Equation (2) gives pdx+qdy=0 (3)
and (1+p)dx+(1+4)dy=0 ..(4)

From (3), we have dz=pdx+qdy=0 = z=A.
Also from (1) and (3), we have

p(1+q)dp-p(1+4)dg=0=

Therefore log (1+p)-log (1+g)=log B = (1+p)=(1+9) f, (2)

4,
1+p 1+49¢

which is one intermediate integral.
Now from (4), we have dx +dy+(pdx+qdy)=0
= dx+dy+dz=0= x+y+z=A.

dp d
From (1) and (4), we have gdp-pdg=0 = —pE=—q—q\
= logp=logq+logB
Hence p=q f, (x +y+2). ..(6)
(f1 _1)f2 (fl —1)

Solving (5) and (6), we have P = (_f"_‘ﬁ and g =(f ~f)





