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Solution: We know that the Jacobi series are

/0 (x)+ 2/2 (X)COS 2B + 2/4 (X)COS 4B + ... = cos(x sin B) ...(1)

and 2/1 (x)sinB + 2/3 (x)sin 3B + ... = sin (x sin B). ...(2)

Squaring (1) and (2) and integrating w.r.t. 'B' between the limits
oto 11: and using the integrals, if m, n are integers

I
~ IK ~cos2 nO dO = sin2 nO dO =-
o 0 2

and fa" cos mB cos nB dB = Io" sin mB sin nB dB = 0, m*- n.

We get 1r[ 10(x) J+21r[ 12 (x) J+21r[ 14 (x) J+...

=I: cos2 (x sin B)dB ...(3)

and 2Jr[11 (x) J + 2Jr[ 13 (x) J+ ... = I: sin 2 (x sin B)dB. ...(4)

Adding (3) and (4), we have

Jr{[10(x)J +2[1t(x)J +2[J2(X)J +...}= I: dB=Jr.

Hence, we ,have the required result.

Example 12: If a> 0, prove that fa'" e-
IIX

10 (bx)dx =~a21+ b2 ·

1 J~Solution: We know that /0 (x)= - cos(x sin ¢)d¢l
~ 0

=> 10(bx)=!J~ cos(bxsin¢)d¢.
~ 0

Therefore fa'" e-
IIX 10\bx)dx=( e-IIX{~ Io" cos(bxsin;)d;}dX

= ~ 10'" {10" e-
IIX cos(bx sin ;)d;}dX

=~ Io" { Ioa> e-
IIX cos(bx sin ;)dX}d;

[on changing order of integration]

1 ~ {CD eibx sin; + e -ibx sin ; }

=Jr Io Io e-
IIX

2 dx d;
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= XO [ Cl / n (X2
) + C2 / _ n (X2

) ]

=C1 Jn ( X2
) + C2 J_n (X 2

)

When n is an integer, the solution of (1) is

y=xa
[ cl /m(px r )+C2 Ym(px r

) ]

= XO [ cl III (x2)+ C2 Y" (x
2
)] = Cl /" (x2)+ C2 Y" (x2).

Example 26: Solve the differential equation 4 y " + 9xy = 0 in terms of
Bessel's functions.

Solution: The given equation can be written as

9
x2 y" +"4 x3 y = 0 .:.(1)

Comparing with the general form (6) of section 4.6.7, we get

/32 2 9
1 - 2a =0 , Y ="4 ' 2y =3 and a 2

- n2 y2 =0 .

On solving these equations, we get

a =~ ,y =%' f32 .~ =~ ~ f3 =1

and (-!) - n
2 (~)= 0 => n

2 =.!. => n =-!
4 4 9 3'

Since n is not an integer, the solution of equation (1) is

y = xa [cl /" (f3xY ) +c2L, (f3xY )]

~ y =Xl
/
2[ cl / 1/3 (X3

/
2)+ c2 / _ 1/3 (X3

/
2)1

Example 27: Solve the differential equation y" + y' +(~- ~)y =0 in
x x x

terms of Bessel's functions.
Solution: The given equation is

x2 y"+xy'+(8x-1)y=O ... (1)

Comparing (1) with the general form

x2y"+(l_2a)XY'+[f32y2x2Y+(a2-n2y2)]y=O ...(2)

where a, f3, y and n are constants, we get

1 - 2a =I, f32 y2 =8, 2y =1 and a 2 - n2y2 =- 1

Solving these, we get

1 f32
a =0, y ="2 ' "4 =8~ f32 =32~ f3 =4 .fi ,



...(12)

...(11)
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Now for y ='1,· we have p= 2 x Ycp'} (x2y) + y2 CP'2 (x y2) = 2 x (9)

And q=x2cfJ\ (x2y)+2XY</J'2 (xy2)=-2y (10)

, ( 2) 4 2y
Solving (9) and (to), we get cP 1 X Y = 3 Y + 3 x2

,( 2) 2 x 4And ep 2 xy =----
3 y2 3x

Putting y = 1 in (11), we have

, (2) 4 2 , (2) 8 2 2 xcp x =-+-or2xcp x =-x+--.
} 3 3 x2 } 3 3 x2

Integrating, we get
4 2

CPl (x2)= "3 x2+ "3 log x2·

Substituting x2 y for x2
(.: y =1), we have

4 2
CPl (x2Y) = "3 x2Y+3 log (x2Y) ...(1.3)

Also putting y =1 in (12), we have f2 (x) =- ~ x - 3
4

X •

Integrating, we obtain

()
1 2 4

CP2 X = - "3 x -"3 log x ·

Substituting xy2 for x (.: y = 1), we have

"1 4
CP2 (x l) =-"3 (x l) 2 -"3 log (x y2) ...(14)

Using (13) and (14) in (7), we have

4 2 2 1 (2 ) 1 2 4 4 ( 2)Z="3 x Y+"3 og x y -"3 x Y -"3 log xy +c

=:} z =~ x2Y- } x2y4 +~ log { (x2y)/ (xl) 2 } + c

4 2 1 2 4
::::) Z ="3 x y - "3 x y - 2 log Y+ c ...(15)

when y = l, the values of z from (8) and (15) should be the same.
Hence

4 2 1 2 2
- X - - x - 2 log 1+ C = x-I => c= - 1.
3 3

Hence the required surface is given by

4 2 1 2 4
Z =- x y - - x y - 2 log Y - 1 .

3 3
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Again from the last two members, we have

dy=~ ~ dz= I{A) dy' .
x I{A) ~(y2+A)

Hence z = I (A) log [y +~A + l ] + A'

~ z =I (x2 - y2 ) log (y + x) + F (X,2 _y2) .

Example 10: Solve q (1 + q) r - (p + q+ 2 Pq) s + P (1 + p) t =0'.

S I t'· p. dp - s dy d dq - s dx. th· .o U Ion: utting r = an t = In e gIven eq~ation,
dx dy

we have

q (1 +q) dp - s dy _ (p + q+ 2 q p) s + P(1 + p) dq - s dx =0
dx dy

=> { q (1 + q) dp dy + p (1 + P) dq dx}

-s{ q(1+q)dy2+(p+q+2pq)dxdy+p(1+p)dx2}=0.

Hence Monge's subsidiary equations are

q(1+q)dpdy+p(1+p)dqdx=O (1)

and q(1+q)dy2+(p+q+2qp)dxdy+p(1+p)dx=0 (2)

Equation (2) gives p dx + q dy = 0 (3)

and (1+p)dx+(1+q)dy=0 (4)

From (3), we have dz =p dx + q dy =0 ~ z =A .
Also from (1) and (3), we have

dp dq
p(l+q)dp-p(l+q)dq=O => l+p -l+q =0.

Therefore log (1 + P) - log (1"+ q) =log B ~ (1 + p) =(1 + q) 11 (z)
...(5)

which is one intermediate integral.

Now from (4), we have dx + dy + (p dx + q dy) =0

~ dx + dy + dz =0 ~ x + y + Z =A .

dp dq
From (1) and (4), we have q dp - Pdq = 0 ~ -=-.

'p 'f-
~ log P= log q+ log B

Hence p =q 12 (x + Y+ z). ...(6)

(/1 - 1) /2 '. (/1 - 1)
Solving (5) and (6), we have P= (/2 _11) and q=(/2 - 11) ·




