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The natural frequency for this system is then given by 

w = 

·) = w = 8.3 l rad/sec 
or 1 .32  cps. (Ans.) 
1 .9 AMPL ITUDE O F  MOTION Let us now examine in more detail eq.  ( 1 .20), the solution the free vibratory motion of the undamped oscillator. A simple trigonometric transformation m ay show us that we can rewrite this equation in the equivalent forms, namely 
or 

where 

and 

y = C sin (wt + o:) 

y = C cos ( wt - 0) 
C =  

tan o: = I Vo W 
Vo/W tan /3 = --. 

y 

( I 
( 1 .24) 
( l  
( 1 .26) 
(1 .27) 

The simplest way to obtain eq. ( 1 .23) or eq. ( l .24) is to multiply and divide eq. ( l .20) by the factor C defined in eq. ( l  and to define o: (or (j) eq. 
(l .26) [or eq. ( l .27)] . Thus 

y = c(Y; cos wt + C sin wt). ( l .28) 
With the assistance of Fig. 1 .9, we recognize that 

sin a = 

c 
(I .29) 
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P l . 1 0  

I .  I I A system (see F ig .  P 1 . 1 1 )  i s  modeled by two t reely vibrating masses m I and m2 interconnected by a spring having a constant k .  Determine for this system the d ifferential equation of motion for the relative displacement 
u = y 2 - y I between the two masses. Also determine the corresponding natural frequency of the system. 
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The value of the damping coefficient for real struc tures is much ,�ss t han t i le 
crit ical damping coefficien t and usually ranges be tween � to 20% of the c ri t icJI 
damping value. Substi t u ting for t he maximum value � =  0 .20 into eq .  ( 2 . 1 7 ) .  

w0 = 0.98 w. ( U S )  
I t  can be seen t hat the frequency of  vibration for a system with as  much a s  a 
20% damping ratio is essential ly equal to t he undamped natural frequency . Thus. 
in pract ice . the ra t\Jral frequency for a damped system may he taken to be equal 
to  the undamped natura l  frequencv . 

2.6 LOGAR ITHMIC DECREMENT 

A practical method for determining experimentally t h e  damping coefficient of a 
system is to initiate free vibra t ion,  obtain a record of t he osci l latory motion , 
such as t he one shown in F ig .  2 .4 ,  and measure t he rate of decay of the ampli
tude of motion . The decay may be convenien t ly expressed by t he logarithmic 
decrement 8 which is defined as the natural logari thm of the ra t io  of any two 
�uccessive peak amplitudes , y 1 and y 2 in free vibrat ion,  that  i s ,  

8 = I n  l'..!_. (2.26) 
Y2 

The evalua tion of damping from the logarithmic decremen t  fol lows.  Consider 
the damped vibration mot ion represented graphically in Fig. 2.4 and given ana
lytically by eq. (2.2 1 )  as 

y (t) = C e- (wr cos (wo t - a) .  

t (  1 )  

. Tangent poinrs icos (w0 t - o)  = 1 1  

Fig . 2.4 Curve showing peak d isplacements and displacements a t  the points o f  
tangency.  
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decrease 5% on each consecutive cycle of  m otion. Determine the damping 
coefficient c of the system .  k = 200 lb/in and m = I O  lb · sec2 /in. 

2.4 It is observed experimentally that the a mplitude of  free vibration of a cer
tain structure , modeled as a single degree-of-freedom system, decreases 
from I to 0.4 in I O  cycles. Wt: "lt is the percentage of  critical damping? 

2.S Show that the d isplacement for critical and overcritical damped systems 
with initial d isplacement Yo and velocity u0 m ay be written as  

2.6 

2.7 

2.8 

for � = I 

t [ , Uo + Y o �W , 
J y = e ·  w r  Y o cosh Wv l  + 

Wo 
sinh Wo t  

where wo = w �. 

for � > I 

A structure is modeled as a damped oscillator with spring constant k = 30 
Kips/in and undamped natural frequency w = 25  rad/sec.  Experimentally 
it was found that a force I Kip produced a relative velocity of  1 .0 in/sec 
in the damping element .  Find :  (a) the damping ratio t (b) the damped 
period To , le) the logarithmic decrement 8 , and (d)  the rat io between two 
consecutive amplitudes. 
In Fig. 2 .4 it is indicated that the tangent points to t he d isplacement curve 
correspond to cos (w0 t - a) = I .  Therefore the d ifference in wo t be
t ween any two consecut ive tangent points is  2 rr . Show that the difference 
in w0 t between any two const::cutive peaks of  the curve is a lso 2rr.  
Show that for an underdam ped system in free vihration the logarithmic 
decrement may be written as 

l Yt 8 = - ln --
k Y i + k  

where k is the number of cycles separating t wo measured peak a mplitudes 
Yi and y i + k · 

2.9 A single degree-of-freedo m system consists of a mass w ith  a weight of 386  
lh  and  a spring of  stiffness k = 3000 lb / in .  By testing the system i t  was 
found that a force of 1 00 lb  produces a relat ive velocity 1 2  in./sec. Find ,  
( a )  the damping rat io t ( iJ )  t h e  damped freq uency of vibra t ion f o.  (c) 
logarit hmic decrement 8 ,  and (d)  t he ratio of two consecutive a mplitudes. 

2 . 1 0  So lve Problem 2.9 when t he damping coefficie nt is c = 2 l b  sec/ i n .  

2 . 1 1 A system i s  modeled by  two freely vibrat ing masses m 1 and m 2 i ntercon
nected by a spring and a damper  e lement as shown in Fig. P2 . l  l .  Deter-

�
Y. 

P2. l l  
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